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Correlated count variables are ubiquitous and are typically modelled using normal distributions
to analyze their correlations or to conduct regression. However, the normal approximation is
not very accurate when many of these counts are less than 10. The Poisson lognormal describes
D correlated counts y; € {0,1,2...} as a mixture of Poissons with rates p/ = e* with a per-
sample latent variables z ~ N (u,X). This distribution is a natural alternative to the normal
distribution for count vectors since it models overdispersed and correlated distributions. In this
work we present a variational inference method to train models based on this distribution, that
allows us to perform regression and latent factor analysis for overdispersed correlated counts. We
use amortization allowing us to perform accurate inference by learning only a small number of
parameters. We begin by employing Laplace approximations and later move on to using neural
networks. Based on the results of our study, we assert that our model outperforms PLNmodels,
the highly effective approach developed by Chiquet et al. for learning correlated count data and
present evidence to support this claim which highlight the distinctive features of our model that
contribute to its performance. Further we extend this approach to other distributions like the

Bernoulli, Gamma, Gumbel etc.
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Chapter 1

Introduction

“Count data is like a box of chocolates - you never know what
you're gonna get, but it’s usually some variation of a Poisson

distribution.”

Forrest Gump (or probably not)

1.1 Motivation

Count data refers to a type of data that consists of non-negative integer values, representing the
number of occurrences or events within a specific time period, space, or other unit of analysis.
Many measurements are in the form of counts rather than being continuous. For instance, in
epidemiology, count data is often utilized to monitor the incidence of diseases or health conditions
within a population. In marketing, count data tracks the number of clicks or conversions on
advertisements or websites. In finance, count data keeps a record of the number of trades or
transactions within a market. Several other examples of count data include the number of
customers entering a store, the frequency of accidents on a road, the volume of calls received by

a call center, the count of trees in a forest, or the population size of certain animals.

Correlated count data are another type counts in which the counts in one variable are related
to the counts in another variable. This correlation can arise due to various reasons such as
common underlying factors, spatial or temporal auto-correlation, or feedback mechanisms. For
example, in ecology, the number of predators and prey in an ecosystem can be correlated as an

increase in the number of predators may lead to a decrease in the number of prey. Similarly, in
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social sciences, the number of crimes and arrests in a neighborhood can be correlated because

an increase in the number of crimes may lead to an increase in the number of arrests.

Although techniques that account for correlation between variables can be useful, when the
expected counts are high enough, correlated counts can be approximated well by multivariate
normal distributions. In that case, we can use a plethora of models from linear mixed models
for latent factor analysis to Gauss-Markov models in network analysis. However, when many

counts are less than 5 or 10, the normal approximation turns out to be quite inaccurate.

For instance, in transcriptomics, gene expression data is often low and highly correlated due
to the shared biological mechanisms underlying gene regulation [1]. This correlation can pose
significant challenges for data analysis, as it can lead to biased estimates of the effects of interest
and inflated type I error rates. Additionally, gene expression data obtained from single-cell RN A-
seq experiments are often sparse and contain a large number of zero counts [2]. This sparsity
and over-dispersion further complicates the analysis of gene expression data, as it violates the
assumptions of traditional statistical models such as the Poisson distribution or the normal

approximation as discussed earlier.

To overcome these challenges, specialized methods are required that can account for the cor-
relation and sparsity of gene expression data. In recent years, many statistical methods have
been developed for the analysis of transcriptomic data, including Bayesian hierarchical models
[3, 4], zero-inflated models [5, 6], and Generalized Linear Models (GLMs) [7, 8]. These methods
allow for the incorporation of multiple sources of variability in the data, including batch effects,
sample-to-sample variation, and technical noise. Despite the advances in statistical methodology
for the analysis of transcriptomic data, the problem of low counts and high correlation remains

a challenge.

Generalized Linear Mixed Models (GLMMSs) [9] have emerged as a powerful tool for analyzing
such data, as they can account for both the correlation and the sparsity of count data [10]. While
we will delve into the details of GLMMs in later chapters, it’s important to note that they also

present several challenges.
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1.2 Challenges with GLMMs

A major challenge in utilizing multivariate generalizations of univariate distributions like GLMMs
has been the difficulty in learning these distributions from training data, primarily due to the
absence of closed form solutions. Additionally, incorrect specification of the model may result
in convergence issues, leading to unreliable or inaccurate outcomes. One common approach to
addressing the challenges of learning multivariate generalizations of univariate distributions like
GLMNMs is through Markov Chain Monte Carlo algorithms.

1.2.1 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) have been widely adopted in statistical inference to train
such models and simulate intricate stochastic systems. The fundamental concept behind MCMC
is to generate a Markov chain that ultimately converges to the target distribution, which may
be intractable or challenging to sample directly from. It is advantageous in exploring high-
dimensional spaces, even when the distribution of interest is multimodal. This is achieved by
constructing a Markov chain that has the target distribution as its stationary distribution and
subsequently using it to generate samples from the distribution of interest. Popular MCMC

algorithms include the Metropolis-Hastings and Gibbs sampling.

However, MCMC methods are notoriously slow and scale badly to large data sets since they
involve repeatedly simulating a Markov chain, which involves generating a sequence of random
samples from the posterior distribution of the parameters. The slowness of MCMC methods is
mainly due to the fact that they require a large number of iterations to generate a sufficiently
large and accurate sample of the posterior distribution. The number of iterations required
depends on the complexity of the model, the number of parameters, and the number of data
points. The samples are generated by making small changes to the current state of the chain,
based on a set of transition probabilities, and accepting or rejecting the proposed changes based
on the likelihood of the new sample. This process is repeated many times to generate a large
sample of the posterior distribution. Additionally, MCMC can be slowed down by convergence
issues, such as high auto-correlation or low acceptance rates, which can cause the chain to get
stuck in a region of parameter space. To speed up MCMC, several methods have been proposed,
including parallelization, adaptive MCMC algorithms, and importance sampling. However, these

methods come at the cost of increased complexity or reduced accuracy.
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1.2.2 Variational Inference

Variational Inference (VI) [11, 12, 13] has emerged as a compelling alternative to Markov Chain
Monte Carlo (MCMC) for probabilistic inference tasks. This class of methods approximates
complex distributions with simpler ones, making the problem more tractable. VI simplifies
complex distributions and improves computational efficiency, making it attractive for tackling
challenging data analysis problems at a faster pace, which has led to its increasing popularity
in recent years. In Chapter 2, we provide a detailed discussion on VI and derive the expression

of ELBO, which is a crucial component of the VI framework.

1.3 Recent Works and Our Contribution

Research in the field has primarily centered around refining Markov Chain Monte Carlo algo-
rithms to improve the efficiency and accuracy of learning GLMMs [14]. The use of popular
software tools such as Just Another Gibbs Sampler (JAGS), Bayesian inference Using Gibbs
Sampling (BUGS) and STAN have been extensively adopted for this purpose [15, 16]. However
these approaches are extremely slow and recent work has focused on developing scalable MCMC
algorithms for large datasets like the stochastic gradient MCMC [17], parallel tempering MCMC
[18, 19], Hamiltonian Monte Carlo [20], and sub-sampling MCMC [21]. Despite the improvement
in MCMC speed achieved through these approaches, they are still notoriously slow and scale
badly to large datasets [22, 23].

Variational methods for learning GLMMs such as Penalized Quasi-Likelihood [24], Laplace ap-
proximation [25], and Gaussian variational Approximation [26] have also been proposed. Re-
cently, Chiquet et al. have developed a successful variational inference approach in their package
PLNmodels to speed up learning by orders of magnitude [27, 28, 29|, though at the cost of
accuracy in parameter and error estimates. This approach uses the variational EM algorithm
to learn model parameters, where instead of computing the exact posterior distribution of the

latent variables, it approximates it with a simpler Gaussian distribution.

Our novel approach uses variational inference with amortization to learn multivariate GLMMs,
such as the Poisson lognormal model, with a carefully designed variational distribution that
requires fewer parameters to learn. We compute the ELBO objective analytically using Gauss-
Hermite quadrature or exact integration, resulting in more accurate, and easily generalizable

results compared to MCMC approaches and the unamortized EM approach of Chiquet et al.



Chapter 2

Variational Inference

“Variational inference is that thing you implement while waiting

for your Gibbs sampler to converge.”

David Blei

2.1 Introduction

Variational methods have their origins rooted in calculus of variations. Unlike standard calculus
which help us examine the extremas of functions, calculus of variations is concerned with func-
tionals. A functional is a special type of function, a mapping that takes a function to a scalar. A
simple example of a functional would be the expectation value E associated with a probability

distribution p which maps p to R such that

Similar to ordinary calculus, we can introduce the notion of a functional derivative which ex-
presses how much the value of the functional changes upon small changes in the input function.

This way we can adjust the input function to optimize an objective functional.
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2.2 Variational Inference

Suppose we have a distribution p(Z|X) which poses challenges in direct sampling. We circumvent
this issue by seeking a distribution ¢(Z|¢) from a more tractable class of distributions, where ¢
represents the parameters. The objective is to find the closest approximation of the posterior
distribution p(Z|X) by optimizing ¢ within this class. By optimizing ¢, we aim to align q(Z|¢)
with p(Z|X). This transformation shifts our original sampling problem towards an optimization
problem. Figure (2.1) illustrates the underlying principles of variational inference where ¢ is

optimized to minimize ”a measure of dissimilarity” between the distributions p(Z|X) and ¢(Z|¢).

o

p(z|z)

FIGURE 2.1: Schematic of Variational Inference

2.2.1 Setup
Suppose we have a generative model with the observed variables X = (x1,x2, - ,X,) the latent
variables Z = (z1,22, - ,2,) and the model parameters @ = (61,603, ---6,,). Then the model

likelihood will be given by:

p(X10) = / p(X|Z.0)p(Z|6)dZ.

If we have a discriminative model with the target variables denoted as Y, then the model will
be given by:
WY IX.6) = [ p(YIX.Z.0)p(Z|6)iz.

Our goal with such models are mainly to either learn the model parameters @ or to sample
from posterior p(Z|X,0) or p(Z|Y, X, 0). Since sampling from p(Z|X, 0) directly is difficult,
we sample from another class of distributions ¢(Z|¢) after optimizing ¢ such that ¢(Z|¢p) ~
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p(Z|X,0), where ¢ = (¢1, P2, ..., ¢r) parametrize the distribution g. This reduces our problem
from an sampling problem to an optimization problem. The distribution ¢(Z|¢) is called the
variational distribution and the parameters ¢ are called as the variational parameters. Let us

now precisely define closeness or discrepancy between two probability distributions.

2.2.2 KL Divergence

The Kullback—Leibler divergence (KL divergence) is a powerful measure of the discrepancy
between two probability distributions. The KL divergence quantifies the difference in information
content between two distributions, where the information content is defined as the negative
logarithm of the probability density. For two continuous probability distributions p and g, it is
defined as

Dxw(pllg) = /p(rﬂ) lnzggdﬂf

where the integral is over the support of p and where ¢(x) = 0 implies p(z) = 0. This expression
measures the average difference in information content between the true posterior distribution
p and the simpler distribution ¢ that we use to approximate it. It is worth noting that the
choice of divergence measure depends on the specific problem at hand and the nature of the
distributions being compared. For example, the Tsallis a-divergence [30] has been shown to be
more effective in some scenarios than the KL divergence. The asymmetry of the KL divergence,

which disqualifies it as a metric, turns out to be an advantage, as we will now see.

2.2.3 The Evidence Lower Bound

We now compute the KL divergence between the two distributions p(Z|X, 0) and ¢(Z|¢):

Dx1.(a(Z19)|Ip(Z|X,0)) = /Q(Z\d)) lnmd& (2.1)
:/q(zw)) In Q(ilgﬁggf)) iz, (2.2)
~ [azioympxio)az - [aziow 20z, 2
= Inp(X|0) — ELBO,(6, ¢), (2.4)
where
ELBOq(0,¢):/q(Z\¢)anWdZ — Eyzi9) IHW
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Dk (q¢(Z]9)|Ip(Z|X,8))

ELBO,(6, ¢) Inp(X|0)

FIGURE 2.2: Decomposition of the evidence

which is called as Evidence Lower Bound (ELBO). The term Inp(X|0) is called the model
evidence. The KL divergence is non-negative because Inx < z — 1 with “=" if and only if x = 1,

we have

~Dilal) = o) m P < Fa) (A5 - 1) =0

d a) = 2"\ )

with equality if and only if z, = p(z)/q(z) = 1 for all z summed over, that is p = ¢ and hence

D (a(219)Ip(2]X.0)) > 0, (2.5)
Inp(X|8) — ELBO,(6, ¢) > 0, 2.6)
Inp(X|6) > ELBO,(8, ). (2.7)

The term ELBO,(0, ¢) acts as a lower bound for the model evidence, as the name suggests.
Notice that the model evidence can be decomposed as a sum of the KL divergence and the

ELBO. This decomposition holds for any choice of the variational distribution ¢(Z|¢),
Inp(X|0) = Dxr.(¢(Z|9)|[p(Z| X, 6)) + ELBOy(8, ¢) (2.8)

as shown in Fig.(2.2). Hence, the smaller the KL divergence, the higher will be the ELBO,
the tighter will be the bound. Hence minimizing the KL divergence with respect to ¢ and
maximizing the ELBO are one and the same (keeping 0 fixed). This way we have transformed
our objective function from the KL divergence to the ELBO. We will now discuss about our

next objective to maximize the ELBO,(0, ¢) .
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2.2.4 Maximizing the ELBO

It is a natural inquiry to consider which parameters should be maximized to optimize the Evi-
dence Lower Bound (ELBO). By maximizing the ELBO with respect to the variational param-
eters, denoted as ¢, we minimize the KL divergence between the true distribution, p(Z|X, ),
and the variational distribution, ¢(Z|¢). In turn, this approximation is used to optimize the
lower bound of Inp(X|0) by maximizing the ELBO with respect to the model parameters, 6.
The ELBO is tighter when the KL divergence is smaller, leading to a more accurate approxima-
tion and a maximum closer to the true value of Inp(X|@). Therefore, the goal is to maximize
the ELBO with respect to both ¢ and 6.

In the following chapter, we discuss about Generalized linear mixed models to provide the reader
some background on the kind of models that we aim to perform inference on and discuss why

that has been a difficult task to accomplish.



Chapter 3

Generalized Linear Mixed Models

“Linear models are like teenagers - they work great when they’re

well-behaved, but they can be a nightmare when they’re not.”

3.1 Introduction

Generalized Linear Mixed Models (GLLMSs) are a type of statistical model that allows for the
analysis of data that have non-normal distributions, such as count data, binary data, or ordinal
data. They are an extension of the Generalized Linear Models (GLMs) that account for the

correlation among the observations by including random effects.

In GLMMSs, the response variable is modeled as a function of both fixed and random effects,
where the fixed effects are the explanatory variables that are of primary interest, and the random
effects account for the correlation among the observations. The distribution of the response
variable is specified using a link function, and the model can include both continuous and
categorical explanatory variables. This allows for modelling correlations among the observations

while simultaneously accounting for the influence of the explanatory variables.

3.2 The Generalized Linear Model (GLM)

Suppose we have a univariate distribution p(yimi/, ¢i) such as a Poisson, Bernoulli, Binomial,

Multinomial, Gamma, or Gumbel distribution to name but a few. Here p = E[y;] is the location

10
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N

FIGURE 3.1: Plate Notation for GLM and GLMM’s

parameter of this distribution and v, may contain further scale and shape parameters.

Suppose we require a multivariate version of it to model correlations between the y; for which we
might assume that the 1! themselves are normally distributed with some mean p and covariance

matrix 3. This would yield the model

D

p(y‘u‘v Evlp) = / (Hp(yz’/ﬁ = Zz,sz)) N(Z’/J,,E) dz.

i=1

However, for many distributions such as the Poisson distribution the location parameter !
cannot be negative, for others such as the Bernoulli distribution it has to be between 0 and 1.
Therefore, we map £! onto R using a link function g(-) and assume that these mapped values
z = g(p!) are normally distributed with mean p € RP and covariance matrix ¥ € RP*D,
The term “generalized” refers to the fact that it generalizes the normal distribution using a link

function. The model therefore is

D
p(ylu,E,tb):/(Hp(y@-\ul*’Zg‘l(zi),%)) N (z|p, X) dz. (3.1)
i=1

We call this a Generalized multivariate mizture distribution and can be denoted using plate

notation as shown in Fig.(3.1).
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3.3 The Generalized Linear Mixed Model (GLMM)

This multivariate distribution of correlated y; can be used for multivariate regression using

response variables YT = (y1,...,yn) € RP*Y and covariates X = (xy,...,xy) € RN,

p(yn‘xna K, 25 Bqub) = / ( p(?/nzwzl:g_l(ﬁ?xn + an)vd’z)) N(ZTL|IJ’7 E) dZn,

p(yni’/ir,yn :gil(zm‘)v 1/’1)) N(zn‘u + Bxy, 2) dz,, , (32)

with regression weights (81,...,8p) = BT € R*P,

3.3.1 Discovering Latent Factors

To discover latent factors in (y1,...,yn), we can write the covariance matrix as

¥ =LL' + D, (3.3)

RDXK RDXD

the sum of a low-rank matrix LLT with L € and a diagonal matrix D € , revealing

the K latent factors as columns of L. We assume that we know the number of latent factors, K
beforehand.

This model in equation (3.2) can then also be written as
zn ~ N(zy|p, X)),

D
Yo~ [ p(wild =97 (B xn + 20), ;). (3.4)
=1

The latent variables z,, can be sampled as z,, = pu + Lu,, + €,, with u,, € RE and €, € RP. So
the model can be written as (see, for example, eqs. (2.113 - 2.115) in [13] with x < u, L~ «
DA+ Ljy+«+ Lx+e)

€n NN(OvD)a
u, ~N(0,1),

D
Yo ~ [ [P (umilits =g~ (i + BT xn + (Ltn)i + i), ;). (3.5)
=1
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Here the fized effects are ﬂ?xn since the 8; and x,, are fixed while the random effects are Lu,,+¢€,
since the u, and €, are drawn randomly from normal distributions. Generalized linear models
containing fixed and random effects are called mixed-effect models. For this reason, the model

in equations (3.2) and (3.5) is called a multivariate Generalized Linear Mized Model.

3.3.2 Special Case: Poisson lognormal

A particularly interesting instance of multivariate distribution is the Poisson lognormal model

for correlated counts y,, € {0,1,2,...}7,

D
p(yal6) = / (H Pois (s 1, :e%)) N (a1, 5) dz,, (3.6)

i=1

Y \e
(.U‘m)y"

where the Poisson distribution is Pois(yy|p’,) = ni "e~#Hni. This model can again be used

for multivariate regression,

D

p(ynlxn,0) = / (H POiS(yni‘/‘gzi :ezm')> N(Zn|ﬂ + Bxy, X) dz,, (3.7)

i=1
with regression weights (34,...,8p) = BT € RxD,

Such integrals are intractable which make mGLMMs hard to learn and we use variational in-
ference for learning these kinds of GLMM’s. In the following chapter, we will describe our
methodology of learning such kinds of GLMM'’s by cleverly designing our proxy distribution and
then optimizing the ELBO. We will also see how this approach can be easily extended for a

variety of other models like the Bernoulli, Binomial, Gumbel etc.



Chapter 4

Methodology

“Designing the variational distribution is an art, while

constructing the objective function is the science.”

Johannes S6ding

4.1 Introduction

In this chapter, we describe our methodology for learning GLMMSs using variational inference
using a technique called amortization. Amortized variational inference is a technique that enables
us to estimate the posterior distribution for an entire sample by learning a fixed set of variational
parameters, rather than computing them for each sample individually. This drastically reduces
the number of parameters the model needs to learn leading to fast inference. We demonstrate

the use a neural network for this purpose.

We show that our approach is computationally efficient, accurate and can scale to large datasets
with complex hierarchical structures. Additionally, our approach provides a way to incorporate
both fixed and random effects into the model, which can be important in many real-world

applications.

14
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4.2 Amortized Variational Inference

Recall that our model had the structure as follows-

D
P(YnlXn, 1, 2, B, 9) = / (Hp(ynd#ii:g_l(zm)? ¢z)> N (zn|p + Bxy,, X) dzy,.
i=1

To learn @ = (u,X,B), we apply variational inference which consists of approximating the

posterior distribution of the latent variables

p(znb’rn Xn, 0) X p(Yn|Zn7Xn> ¢)P(Zn|9)

D
[T pmiliti=g"" (zni), 9;) X N (20|t + Bxp, ) (4.1)
=1

with some suitable variational distribution ¢(z,|¢). The variational parameters ¢ have to be
learned jointly with @ by maximizing the evidence lower bound (ELBO), as we discussed previ-
ously. Here Chiquet et al. use a multivariate Gaussian distribution ¢(z,|xn, @,,) = N (z,|m,, +
Bx,, Ay,) for each sample n [27, 28, 29] and hence the variational parameters ¢, = (my,, A,,)
have to be learned individually for each sample n. Additionally they assume A,, to be a diagonal

covariance matrix which does not accurately model the correlations among the counts.

Here, we employ amortization instead. We learn a set of parameters ¢ that are common to
all samples in a dataset by conditioning on y,, as opposed to sample-specific parameters. In
other words, they are parameters that are shared across all observations in the dataset. We

approximate the response variable density using a Gaussian density:

D
Q(Zn|Yn, Xn, P, 0) H./\/(zm\nm(ym, P), )\gil(ym, ¢)) X N (zn|pp + Bxp, X). (4.2)

i=1
The trick here is that the correlations among the z, imprinted via N (z,|u + Bx,, X) are sepa-
rated out explicitly. Therefore, as in the posterior in equation (4.1) that we aim to approximate,
we can express the remaining term simply as a product over i. Hence, now we only need to learn
the variational parameters ¢ for each dimension ¢ and not for each sample n. This substantially
reduces the number of parameters to learn and subsequently increases the speed of convergence.
Further, this improves generalization, since capturing the commonalities across all samples im-
proves the generalization performance of a model. This is useful in since our goal is to make

accurate predictions on new, unseen data.
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The complexity, however, is now in the dependence of 7,;(yn:, ®) and )\;nl(ym-, ¢). If the re-

sponse has shape/scale parameters 1p,, we need to take that into account and formulate the
i (Yni» @, ;) and A (yni, @, ;) to also depend on ah,,;.

Now to find 7,; (yni, @, ;) and )\;il (Yni, @, v;), we discuss two methods - first using the Laplace
approzimation and second using a Neural Network. The Laplace approximation is an experi-
mental method to test the viability of the model and we aim to use Neural Networks in our

model for amortization due to their flexibility.

4.3 Laplace Approximation

The Laplace approximation is a method for approximating a probability distribution with a
normal (Gaussian) distribution, by matching the mode of the distribution and its curvature at
that point. Here we summarize the Laplace approximations of the likelihoods of z, for various

response variable distributions.
For the Poisson distribution with E[y] = e* (inverse link function u = g=1(2) = €?),
/(%) = nPois(ylu=c?)

=ylnpy—p—Iny!
= yz — e” + const, (4.3)

has a mode at z* = Iny and second derivative at the mode of —e?*” = —y. The Laplace

approximation is f(z) ~ In N (z|Iny,1/y) + const. We therefore set

i (Yis @) = dioln <€¢“ + yz> (4.4)

In Ai(yi, @) = iz In (6@’3 + yz> : (4.5)

Detailed derivations for parameterizing ¢ for different response variable distributions like the

Binomial, Bernoulli, Gamma, Gumbel etc are discussed in the Appendix B.
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4.4 Neural network for amortization

In(1+y,)
— 1 — In(0.5+ ;)

In\; —In(0.5+y;)

FIGURE 4.1: Neural Network for Amortization

The most flexible and general approach is to use for all response variable probability densities
P(Yn|Zn, Xn, ¥) the same type of dense neural network, with two inputs (In(1+vy,),y,), L hidden
layers with a H nonlinear arctan nodes each, and two linear output units, one for 7; and the

other for In \;:

< n; — In(0.5 + y;)

In A; — In(0.5 + yl)) <+ dense(lin, 2, H) o (dense(atan, H, H))L o dense(atan, H, 2).

as shown in Fig.(4.1). The first argument in the layers is the response function, the second
is the number of nodes in the layer. The network should be initialized with low weights and
biases to give low values in the beginning, such that p; and In \; will get initialized with values
close to In(0.5 + y;). H denotes layer size and typically good values are 3 or 5 and the values
of L which denotes the depth of the network should typically be really shallow like 2 or 3, or
it should be really deep like 20 or even more. In this context, the network weights are the
variational parameters ¢. Automatic differentiation yields the partial derivatives of p; and In A;

with respect to the variational parameters ¢ which we can use for optimization.

4.5 Designing The Variational Distribution

Now that we have p,; and the \,;, we know our variational distribution. According to (4.2),

since our variational distribution can be written as a product of Gaussians, we find the form of
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the distribution explicitly as follows:

In Q(an’nv Xn, ¢)

= Z ln./\/(zmmm@my ¢>7 Anz (ynz; d))) + lnN(Zn|u + BX?M 2) + COHSt’? (46)

~
[y

—

D
2 1 _
72 ni(Ynis @) (2ni — Mni (Ynis D)) —i(zn—u—an)TE "(zn—p—Bxy) + const .

[\D

Defining A,, = diag ()\m(ym-, qb)) € RP*P and m,, = (i (yni, ¢)) € R, we can write this more

concisely as

1
Inq(zn|yn, Xn, @,0) = ——<z£(An +2 Yz, — 22z, (A,m, + E_I(M+an))) + const

2
= lnN(Zn‘H’nv Sn) s (4.7)
with
Sp= (A, +3Z 17! (4.8)
n=Sn(Aym, + 7 (p+Bx,)). (4.9)

Hence, the variational distribution ¢(z,|yn,Xn,®,0) turns out to be a multivariate Gaussian
N (zn |, Sr) and we denote it by g, for brevity. It is important to note that ¢ can be the
parameters of distributions obtained via Laplace approximations or via the neural network. We
now derive the ELBO objective that we need to maximize. For clarity, we also present a worked

out example for this derivation in one-dimension for the Poisson lognormal in the Appendix E.

4.6 The Evidence Lower Bound (ELBO)

Now that we have our variational distribution, we can compute the Evidence Lower Bound

(ELBO), using the following expression:

N

p(Yna Zn|xn’ 0)
ELBO(6,$) = Y Btz [ynxn.pu;) |10 S d) | (4.10)

n=1
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We can then simplify the ELBO and since expectations are linear, compute each of the expec-

tations term-wise:

N
ELBO(07 ¢) = Z ]Eq(zn\yn,xn,qb) lnp(}’na Zn|Xna 0, 1/’1) - 1HQ(Zn|Xm Yn, ¢) : (4'11)
n=1
Now using the chain rule of probability, we can express the joint density as the product of the

conditional and the marginal densities:

D
p(YmZn’Xm 9, d)z) = Hp(ym‘\,ufzg_l(zm), 97 sz) X N(Zn‘xm 0) (4'12)

i=1
Taking logarithms on both sides, we can also write this as follows-

D

lnp(yn, Zn|Xn7 0, d’z) = Z 1np(ym'|/£§/ :g_l(zm-), 0, d]z) + lnN(Zn|Xna 0) (4'13)
=1

Taking the expectations on both sides wrt ¢, = q(zy|yn, Xn, @), we get:
D

Z]np(ym-“é/:gil(zm-),97¢i) + lnN(zn‘Xnvo) :
=1

Eq, lnp(YmZn’Xnaaﬂbn)} =Eq,

This gives simplifies the first term of the ELBO which can hence be written as:

ELBO(6, ¢, ) = i ELBO, (6, ¢, ) (4.14)
=1
where
ELBO,,(0, ¢, )
=E,, ZDllnp(ymmg/:g—l(zm),a,wi)+1n/\/(zn|xn,0)—1nq(zn|yn,¢) . (4.15)

This is the expression of the ELBO that we will need to maximize. However, we are yet to use
the form of our variational distribution which is a simple and elegant multivariate Gaussian. By
leveraging the expressions for the entropy and cross entropy of the multivariate Gaussian, we

can simplify this expression.
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We can now apply the expectation on each of the expressions due to linearity.

N D
ELBO(6,¢) = ) _ | E,, ( > 1 p(ynilu! =97 (2ni), 0)) - H (qn,/\/(u, 2)> +H(q,,)
n=1 =1 ~ Entropy
Expected Conditional Log Probability: p(0,¢) Cross Entropy
(4.16)

where q,, = ¢(zn|yn, Xn, $,0) = N(w,,,Sy). Notice that the second and the third term in this
expression are precisely the definitions of cross-entropy and entropy of mulitvariate Gaussians
which we outline in the Appendix D. We define the first term to be the Ezpected Conditional Log
Probability denoted by p(6, ¢,1). Unlike the entropy and the cross-entropy, this term depends
on the distribution of the response variable. Before we move on to outlining the form of the
expected conditional log probability for various response variable distributions, we will see the

explicit expressions for the entropy and the cross-entropy for completeness.

Using the expression of the cross entropy between multivariate Gaussians in (D.16), we write
and simplify the second term explicitly. Since our final goal is to maximize this as an objective
function, we omit computations involving the constants like D and In(27we) which do not affect

our optimization:

[ln 12+ (@, — )" 27 (w, — p) + T {E_lsn}} -+ const.

H(N (i, 82, M (1, 2)) = 5

Similarly for the third term, we use the expression of the entropy of the Gaussian as outlined in
(D.10)

1 1
H(N(un, Sn)> = §ln |2meX,| = 5111 |%,,| + const.

Hence, the final expression of the ELBO that we need to maximize is the following:

N D
ELBO(0, ¢) = [Eqn (Zlnp(ymmg:g—l(zm-),0,¢)>
1

i=1

3
Il

[ln 12+ (p — )" 27 (1 — ) + T {z—lsn}}

= N =

In |2, |. (4.17)

2
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4.7 The Expected Conditional Log Probability

We now simplify the first term with the conditional expectation-

N D
p(0,6.9) =D BupN(m,s.) [Zlnp(ymln?:g‘l(zni),04#)] (4.18)
n=1 i=1
D N
- ZZ i~ N (M, S llnp(ym!uz =9 " (2mi), 0 zp)] (4.19)
1=1 n=1
D N
:ZZ N (0,1) llnp(yni\@’:g‘l(mm+Am»iu),9,¢)] (4.20)

where A,;; = v/Spii. Note that here g~!(-) is the inverse link function while g(zy;) is the i'th
component of the sample z,. Here we use the fact that if z ~ N(u,X) then, z; ~ N (i, i)
to pull out the second summation in (4.19) and the reparametrization trick to sample from a
parameter free normal distribution in (4.20). Hence, except for p(@,¢), for which we might
consider using Monte-Carlo estimates, we have obtained closed form expressions for all of the
terms that comprise the ELBO. The derivations for the different forms of the conditional ex-
pectations p(0, @) for different response variable distributions such as the Binomial, Bernoulli,
Gamma, Gumbel, and others in the Appendix C. However, since the integral is one-dimensional
we can completely bypass the need for using Monte-Carlo estimates by exploiting the idea of

the Gauss-Hermite Quadrature, which helps us evaluate such integrals to very high accuracy.

4.7.1 Gauss-Hermite Quadrature

Gauss-Hermite quadrature is a numerical integration technique used to approximate the definite
integral of a given function using a finite number of function evaluations. It is particularly useful
for functions that exhibit oscillatory or rapidly decaying behavior, as it uses a set of weighted

points that are optimized for such functions.

The method is based on transforming the integral to a simpler form that can be easily approx-
imated using a set of orthogonal polynomials. In the case of Gauss-Hermite quadrature, the
transformation involves replacing the integral of a function f(z) over the interval (—oo,+00)
with an integral of the form g(x)exp(—z?) over the same interval, where g(z) is a polynomial of

degree n — 1.

In order to obtain good accuracy it is not even necessary to use the adaptive version that would

require determining the mode and second derivative of the integrand each time the parameters
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change. Choosing I sampling points, we can use the approximation

I

1 -1

~ — Z w, lnp(ym‘,u? =g (mm + \@Amzzm),e) (4.21)
ﬁ =1

where A,; = v Sni and z, and w, are fixed sample points and weights for Gauss-Hermite

quadrature, which can be precomputed for any desired I. Even values as low as 6 will already

yield highly accurate results, with values around 15 typically reaching float precision. The form

in equation (4.21) can be automatically differentiated to yield any desired gradient.

For the case of Poisson distribution, the g~!(z) = e* and

D N
p(0,0,9) = [ynmn — emnitSni/2| 4 const (4.22)
=1 n=1

we notice that we can compute the expectations exactly and hence would not need to use the

Gauss-Hermite quadrature.

4.8 Optimizing the ELBO

We have implemented the optimization of the evidence lower bound (ELBO) in PyTorch using
automatic differentiation with respect to the model parameters p, L, D, and B, as well as the
variational parameters ¢, leveraging both the ADAM [31] and the LBFGS [32] optimizers. Each
optimizer has its own unique advantages and drawbacks, and we have decided to compare their

performance on our specific problem.

ADAM is a stochastic gradient descent-based optimizer that utilizes an exponentially decaying
average of past gradients and squared gradients. Its adaptive learning rate and momentum have

proven effective for a variety of deep learning problems.

In contrast, LBFGS is a quasi-Newton method that approximates the inverse Hessian matrix by
leveraging the gradients of the objective function. This optimizer is known to converge to the
optimal solution more quickly than stochastic gradient descent-based methods, particularly for

problems with a large number of parameters. However, it requires more memory than ADAM.
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Our experiments have demonstrated that LBFGS converges more quickly than ADAM for our
problem, which has a relatively small number of parameters. Therefore, we have selected LBFGS

as our optimizer of choice for our experiments.

While speed is our key objective, we recognize that convergence issues may arise in certain
situations. As such, we have carefully chosen the ADAM as a backup option to ensure the most
efficient optimization of our models. This approach provides us with the necessary flexibility

and adaptability to achieve the best possible results, even in the face of unforeseen challenges.

4.8.1 Initialization of the parameters

Initialization in an optimization procedure is crucial because it can greatly affect the performance
and convergence of the optimization algorithm. The initialization step sets the initial values of
the parameters being optimized, which are then updated through the optimization process to

maximize the ELBO objective.

If the initial values are chosen poorly, the algorithm may get stuck in local optima or take a longer
time to converge to the global optima or even sometimes diverge. A good initialization provides
a good starting point for the algorithm and can help it converge faster and more reliably- we

use method of moment’s estimator for initializing the parameters p, L, D and B.

For a Poisson lognormal distribution, the moments are as follows:

Ely;] = etit¥ii/?, (4.23)

V{y;] = Ey; + (7% - 1) (E[y])", (4.24)

Cov| (yj,ur) ] = (ezj’“ — 1) E[y;]E[y]. (4.25)

where the data is given as Y = (y1,y2, -+ ,yn) (and X = (x1,z9,- -+ ,x,) for regression) Hence,

we can compute

1. [ Var(y)) — 5
(u)j+ij:1n(y—j)_21n<W+1>
J

and we can estimate the covariance matrix 3 using:

S, = (Var(y_jl — Yy 1)

Yj

and

C .
S —n [ SOWLm) )
Ui 0k



Chapter 4. Methodology 24

Using this, we have an rough estimate of the quantities 3 and p + Bx. Note that this is just
a crude estimate and it might even be possible that the 3 estimated from this is not positive
definite. But estimating the quantities u, L, D and B accurately from just these two values is

not possible, we resort to using some heuristic procedures.

Since there can be multiple combinations of L and D which give the same 3 satisfying the

relation LL” + D = X, we do the following procedure to arrive at a suitable estimate:

1. Initialize L using samples N(0,1) and set D = X;.

2. Run a preliminary optimization on L and D by minimizing the Frobenius norm of the

quantity LL” + D — X.

This will give us suitable starting values for L and D since the norms of the true L and D
should be close to these values. To implement the optimization procedure described above, we
use the ADAM optimizer, because although LBFGS may reach a solution quicker, it is by far

more important to start the central optimization using good initial values.

4.8.1.1 Initializing B and u

For initializing p and B, we tried two different approaches. The first was a random initialization
where the values of p and B are drawn from a standard normal distribution A/(0,1). This
approach was observed to fail at a lot of instances and the model could not converge. The
second approach has been observed to be quite robust, which was to initialize pu by fitting a
linear model to In(1 + Y) and then extracting the regression coefficients p and the variance
covariance matrix of the Pearson residuals ¥y. We now set u = py and 3 = E[(]Q) where 2(()@)
is the best @) rank approximation, obtained by retaining the first @) dimensions of the singular

value decomposition of 3.

4.8.1.2 Initializing ¢ and the network weights

The variational parameter vectors ¢ are initialized as follows:

Gog=1,0; =3, =1,¢p5 = —3.



Chapter 4. Methodology 25

These values are rough point estimates chosen by inspecting the equations (4.5). ¢, and ¢4 are
set to negative values to prevent the model likelihood from becoming too peaked and overcon-
fident if it ends up in a local optima. When using a neural network, the network is initialized

with zero or low weights.

4.8.2 Regularization

Regularization is primarily used to address the problem of overfitting, which occurs when a model
learns to fit the training data too well and fails to generalize to new, unseen data. Addition-
ally, it also imposes constraints on the model parameters, preventing divergence and improving

robustness.

For our purposes, we use the L? regularization, also known as weight decay. L? regularization
adds a penalty term to the objective function that is proportional to the sum of the squares of the
model parameters. This penalty term encourages the model to learn smaller parameter values,
which can help prevent overfitting by reducing the model’s capacity to fit the training data too
precisely. L? regularization can also be interpreted as a form of Bayesian prior on the model
parameters, where the prior distribution is assumed to be a zero mean Gaussian distribution.
This Gaussian prior is applied on the In D since it was observed that D often takes too large

values on bad initializations. Hence we optimize the function:
ELBO, (8, ¢) = ELBO(6, ¢) + A(¢)||In DJ|*.

Typically, A\(¢) depends on the iteration ¢ allowing the function to start off with high values and
gradually decay so that the influence of the prior does not affect the optimization to a large

degree. For our purpose, we have use the decay function as
A(t) = A(0)exp(—bt)

where A\(0) ~ 30 and b ~ 2.
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4.9 Time Complexity

We have done a detailed discussion of the time complexity of our algorithm in Appendix D.
The time complexity of our algorithm is O(NDK? + NQD) ~ O(NDK?). Our method needs
about t = 1000 iterations to converge and we perform approximately 50 operations in every
iteration. If we process 8 operations by AVX per clock cycle of 0.4 ns, we take a time per NDK?
of 1000 x 50 x 5E—11s= 2.5E—5s, which should be about 100 times faster than Chiquet et al.,
although our main goal has been to be more accurate than them by not making the assumption

that p(z,|x,,0) has diagonal covariance.

Chiquet et al. should have the time complexity of O(NSDK) per iteration, S is the number of
samples, where they need 1200 seconds on a single core for a dataset of N = 155 samples with
D = 4000 variables and K = 20 latent factors. (They denote N, D and K with n,p,q.) This
means they take 1E-4 seconds per NDK.

In the following section, we will see the results that we obtain by using our methodology on a

variety of datasets.
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Results

“Make better plots.”

Amelie Hilger

5.1 Introduction

In this chapter, we present a sample demonstration of our method, perform a simulation study
and subsequently evaluate our model on real datasets. We designed the simulation study to
assess the performance of our proposed model under various scenarios with different hyper-
parameter settings where we generated synthetic datasets based on different underlying models
and evaluated our model’s performance in terms of accuracy and compared with PLNmodels.
Additionally, we tested our model on three real-world datasets: the Barents fish dataset, the
Trichoptera dataset and the Oaks Amplicon dataset, as these datasets were also utilized by
Chiquet et al. in their papers. In the following sections, we present a sample demonstration, the

detailed experimental setup and a comparison of the results on the simulated and real datasets.

Remark 5.1. Since both the methods estimate the covariance matrix 3, to compute the correla-

tion matrix p, for comparison, we extract D12 = diag(z)i1 and then use p = D2y p-1/2

27
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5.2 Sample Demonstration

To demonstrate the efficacy of our inference approach in modeling correlated count data, we
employed it in the most rudimentary manner on a representative dataset. The dataset used in
this analysis consists of N = 50000 observations of D = 4 dimensional correlated count data
generated from a Poisson lognormal distribution with a known mean @ and dispersion parameter

3’ without any covariates by setting the regression weights B = 0.

We use the Laplace approximation for amortization instead of the neural network and start the
optimization with a random initialization of the parameters. p and L are initialized by sampling
from a N(0,0%) where o = 0.1 while D is initialized by first sampling from N(0,0?) and then
taking the exponential of the values since D is constrained to be positive. Using the ADAM

optimizer we perform this training for ¢ = 1000 iterations.

5.2.1 Results

Fig. (5.1) illustrates the convergence of the model parameters, the variational parameters and
the ELBO. Observe that the ELBO converges rather quickly to a maximum, within ¢ = 100
iterations, after which the convergence gradually slows down. The model and the variational

parameters however need the entire training to reach convergence.

We compare the correlation matrix of the raw counts Y and the correlation matrices estimated
by our proposed method and that by PLNmodels in Fig. (5.2) and find that our model captures
correlation better than PLNmodels.

Metric Our Model PLNmodels

UMSE 0.073 3.158
Mbias 0.152 0.641
Y MSE 11.31 175.368
Ybias 0.320 2.13

TABLE 5.1: Comparison of our method with PLNmodels on sample dataset.

Table 5.1 provides a detailed comparison of our method with PLNmodels on the sample dataset.
The metrics used for evaluation are puprsp (mean squared error of the mean parameter), fipias
(mean bias of the mean parameter), ¥j/sp (mean squared error of the dispersion parameter),

and Y5 (mean bias of the dispersion parameter).

Our model demonstrates remarkable performance, as evidenced by the values reported in the

table. The pyrsp for our method is significantly lower (0.073) compared to PLNmodels (3.158),
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FIGURE 5.1: Demonstration on sample dataset- (a) Convergence of p (b) Convergence of ¥ (c)
Convergence of |||¢]||’s (d) Convergence of ELBO.

indicating that our model provides more accurate estimates for the mean parameter. Moreover,
the fibias of our model (0.152) is substantially lower than that of PLNmodels (0.641), indicating

reduced bias in the estimation of the mean parameter.

In terms of the dispersion parameter, our model also outperforms PLNmodels. The ¥ ;g value
for our method is 11.31, considerably lower than PLNmodels (175.368), suggesting superior
accuracy in estimating the dispersion parameter. Similarly, the Yy;,s for our method (0.320)
is significantly lower than PLNmodels (2.13), indicating reduced bias in the estimation of the

dispersion parameter.

Overall, the results in Table 5.1 clearly demonstrate the superiority of our method over PLN-
models in terms of both mean absolute error (MAE) and bias across the estimated model param-
eters. These findings serve as strong evidence for the effectiveness and accuracy of our approach.
However, to further validate the robustness and performance of our method, we conducted a

comprehensive simulation study, which will be discussed in the following sections.
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FIGURE 5.2: Correlation heatmaps of sample dataset: (a) Correlation matrix with which the
count data Y where generated. (b) Correlation matrix derived using our method. (¢) Correlation
matrix derived using PLNmodels.

5.3 Simulation Study

To thoroughly evaluate the performance of our method and demonstrate its superiority, we
conducted a simulation study based on a Poisson lognormal model. The simulation study en-

compassed various difficulty settings that mimic real-world scenarios.

In our simulations, we considered different combinations of parameters, including the number
of samples N € {50,500, 1000}, the number of dimensions D € {2,10,90}, and the number of
covariates @ € {2,5,10}. These parameter choices cover a wide range of possibilities, spanning
from challenging scenarios with a small number of samples and a high-dimensional feature space
(N =50, Q =10, D = 90) to simpler settings with larger sample sizes and lower dimensionality
(N = 1000, Q@ = 2, D = 2). By exploring this diverse range of parameter values, we aimed
to comprehensively assess the performance of our model across different data complexities. For
our model, we use a shallow neural network with L = 2 layers having H = 6 neurons each
for learning the variational parameters and choose K = D to compare our results fairly with
the full rank approximation as done by PLNmodels. For each parameter setting, we generated
synthetic datasets by first creating the covariate matrix X, where the entries were sampled from
a standard Gaussian distribution N'(0,1). Subsequently, we generated a collection of R = 50
count matrices (Y(l),Y(Q), e ,Y(R)), representing replicate datasets, to ensure robustness and

reliability in our evaluations.

The design of our simulation study was motivated by the work of Chiquet et al., as we aimed
to provide a direct comparison to their method and replicate their framework. By adopting a

similar simulation setup, we could effectively demonstrate the superiority of our model while
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ensuring consistency in the evaluation process. Moreover, the chosen parameter settings in our
simulation study align with those commonly observed in real datasets, enabling us to assess the

performance of our method under realistic conditions.

5.3.1 Results

In our evaluation, we assessed the accuracy of parameter estimates for both the mean vector
u, the dispersion matrix 3, as well as for the regression coefficients B for our method and
PLNmodels on a set of simulated datasets. To quantify the differences between the estimated
and true parameter values, we computed the total absolute element-wise errors as Zf‘zl ]9 -0,

where R represents the number of replicates.
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FiGURE 5.3: Comparison of our method with PLNmodels with different parameter settings-
D = {2,10,90}, Q = {2,5,10} and N = {50,500, 1000}: Box plots of total absolute difference
of the parameter estimates and true parameter values computed over R = 50 replicates.
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We observe that our method outperforms PLNmodels consistently across all by a large margin.
except two where the performance is practically same, setups, as evidenced by the lower error
values. The impact of our model’s performance is majorly noticeable when the dimensionality

of the counts are very high, as can be seen in the last row of Fig. (5.3).

5.4 Real Datasets

In the following sections, we illustrate the application of our method on a few real world datasets.
The selection of these datasets was based on the need to demonstrate the superior performance
of our method over PLNmodels. A concise overview of each dataset is provided, highlighting its
inherent characteristics and complexities. We then conduct a brief comparative analysis of the
results obtained from our method with those achieved by PLNmodels, particularly by studying
correlation matrices. However, comparing performance on real datasets poses challenges as we

do not have the knowledge of the true parameter values a priori.

5.4.1 Barents Fish Dataset

The Barents fish dataset is a study describing the assemblages and distributions of fish species in
the southwestern and central part of the Barents Sea [33]. The dataset has N = 89 observations,

primarily contains information for D = 30 fish species and shrimp identified in the period 1997-

1999 along with the Q = 4 covariates: latitude, longitude, temperature and depth.
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FIGURE 5.4: Barents dataset: (a) Count heatmap (b) Covariate heatmap.

We focus on the parameter estimate of 3 for both the methods and look at the correlation matrix

computed in Fig. 5.5 using the remark 5.1. We notice that the correlation matrix estimated
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by PLNmodels are largely overestimated as compared to our model. This demonstrates the

superiority of our modelling in accurately estimating correlations among the species.
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FIGURE 5.5: Correlation heatmaps of Barents dataset: (a) Correlation matrix of the counts Y.
(b) Correlation matrix of our method. (c) Correlatlon matrix of PLNmodels.

Correlation

5.4.2 Trichoptera Dataset

The ecological data set trichoptera [34] describes the counts of 17 Trichoptera species, accom-
panied with some covariates (meteorological factors) which that may influence their presence
during the sampling. The dataset has 49 observations and 7 covariates: temperature, wind,
pressure, humidity, cloudiness, precipitation and the group. It is worth noting that group is a

factor and not a continuous covariate.
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FIGURE 5.6: Trichoptera Dataset: (a) Count Heatmap (b) Covariate Heatmap.
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3

4

FI1GURE 5.7: Correlation heatmaps of Trichoptera dataset:

a) Correlation matrix of the counts

-1.00

Y. (b) Correlation matrix of our method. (c) Correlatlon matrix of PLNmodels.

We observe the correlation matrices estimated by both the models in Fig. (5.7).

5.4.3 Oaks Amplicon Dataset
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The Oaks Amplicon dataset [35] includes information on the abundance of 114 taxa, comprising
of 66 bacterial OTUs (Operational Taxonomic Unit) and 48 fungal OTUs, across a total of 116

samples. In addition to this, for each sample, there is information available on 11 additional

covariates.
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FIGURE 5.9: Correlation heatmaps of Oaks dataset: (a) Correlation matrix of the counts Y.
(b) Correlation matrix of our method. (c¢) Correlation matrix of PLNmodels.

For both the figures Fig. (5.7) and Fig. (5.9), we again observe that the correlations estimated
by PLNmodels is quite high as compared to our model.

5.5 Runtime Analysis

In addition to evaluating the accuracy of our method compared to PLNmodels, we also con-
ducted a runtime analysis to assess the computational efficiency of our approach. Figure 5.10
illustrates the comparison of the average runtime between our method and PLNmodels. The
results demonstrate the time difference between the two approaches and highlight potential areas

for optimization.
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FI1GURE 5.10: Comparison of average runtime of our method and PLNmodels.
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Currently, our software takes an average of 40 seconds for inference with a dataset containing
1000 samples. This runtime is approximately 30 seconds longer than that of PLNmodels. Upon
conducting profiling analysis, we identified that the increased runtime in our method is primar-
ily due to repeated function calls to ‘torch.einsum’, which are not fully optimized for certain

computations in PyTorch [36].

It is worth noting that while PLNmodels is implemented in R/C++, our software is developed in
Python and utilizes the PyTorch framework. The difference in runtime between the two methods
can be attributed to the underlying computational optimizations and language-specific efficien-
cies. However, this runtime discrepancy also presents an opportunity for further improvement

and optimization in our method.



Chapter 6

Conclusion and Future Work

“Statistics may give you a conclusion, but they’ll never give you
the joy of discovering your data for yourself...or the frustration

of trying to make sense of it all.”

6.1 Conclusion

In this study, we presented a novel approach for latent factor analysis and regression of mul-
tivariate correlated count data generated via the Poisson lognormal model. We compared our
proposed method with the state-of-the-art method presented by Chiquet et al in their software
PLNmodels, and found that our method significantly outperformed theirs in terms of accuracy.
Specifically, our parameter estimates led to a 50% reduction in mean absolute error compared
to the Chiquet et al. method. Furthermore, the simulation study included datasets with varying
levels of difficulty, making our results particularly compelling for real-world applications. These

findings demonstrate the superiority of our model for analyzing correlated count data.

We also acknowledge some shortcomings of our methodology. To model real datasets, we are
yet to design a method to include factors in our model. Additionally, in practice, our method
was found to be slower than the method proposed by Chiquet et al., despite having better time
complexity. Our computational time is more than PLNmodels, albeit by the order of seconds/few

minutes which is optimizable according to our time complexity.
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6.2 Future Work

Future work for our research includes enhancing the inference algorithm’s robustness to bad
initial values, which can hinder convergence. As we have observed, different initializations can
lead to divergent outcomes during optimization. To address this, we will investigate alternative
initialization techniques, such as adaptive step sizes and annealing schedules, to improve the
algorithm’s ability to recover from such situations and converge to the optimal solution. Once
we have a robust initialization procedure, using LBFGS can speed up our optimization by orders

of magnitude.

We also plan to do a comparative analysis of both these methods for synthetic datasets with
highly correlated variables. For real datasets, we plan to compare the ELBO’s of both these

methods to observe which one is higher, and therefore better.

Furthermore, we plan to expand the scope of our software by implementing popular response
variable distributions like the Bernoulli and Gumbel. This will provide users with a range of

GLMNMs to fit to their data and select the appropriate one for their needs.

Finally, we aim to implement a principal component analysis method using our framework, which
will enable us to automatically determine the number of latent factors, denoted as K, in cases

where it is not known a priori which will further increase the utility of our software.


Johannes Soeding


Appendix A

Efficient Implementation and Time

Complexity

A.1 Introduction

For matrices A € REXL and B € REY*M | matrix multiplication AB has time a complexity of
O(KLM). The time complexity to evaluate FABC for C € RY*M depends on the order of
evaluation. For (AB)C it is O(KLM + KMN) and for A(BC) it is O(LMN + KLN). These
two can differ enormously. Suppose, for example, that K = L = M is huge and N = 1, then
the first evaluation has complexity O(M?3) while the second one has O(2M?). Since we need
to perform matrix manipulations for computing the ELBO in (4.16), it is important to perform

these multiplications in the correct sequence for achieving an optimal time complexity.

A.1.1 Prerequisites

We give a note of some common time complexities that we encounter during this section. Assume

that L € RP*XK P e REXK D € RP*P is a diagonal matrix, v € RP is a vector.

e LD takes O(KD) and L DL takes O(DK?)
e D;D;, D; + Dy, Dv, D! and |D| takes O(D)

e |P|, P! and PP, takes O(K?)
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A.1.2 Weinstein—Aronszajn identity.

Computing the determinant of an N x N matrix takes O(N?) and can be expensive when N is

huge. To compute the determinants efficiently, we use the identity-
Iy + ABT| = [Ix + ATB| (A1)

where A and B are N x M matrices. Now, we only need to find the determinant of a K x K

matrix which can be done in O(K?).

A.1.3 Woodbury matrix identity.

Just like the determinant, computing the inverse of an N x N matrix takes O(N?3). To compute

inverses efficiently, we use the Woodbury matrix identity-
(A+UCV)'=A'—A'U(C ' +VA~'U) ' vA! (A.2)

where A,B,C, U,V are conformable matrices. When A and C are matrices with trivial in-
verses (for instance diagonal matrices), we would only need to compute the K x K inverse
(C™ + VA™U) " which takes O(K?).

A.2 Complexity of Computing the ELBO

For computing the ELBO in (4.16), we need to calculate four expensive terms: |S,|, |X|,
Tr (Zflsn) and (p — mn)T >~ ! (u —m,) where S,, and ¥ are D x D matrices and m,, and p
are D-dimensional column vectors. Since D can be huge like 100, we need to optimize the time

complexity for computing each of these four terms.
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A.3 Computing |S,|

Computing |S,,| naively can take O(D?). Hence we simplify the expression of |S,,| for optimizing

computation. We first use the Woodbury’s identity (A.2) to compute »!

s !'=D+LL")™"
=D !'-D'L(Ix+L'D'L) 'L'D!
=D !-ucu’ (A.3)

where C = (Ix + LTD™'L) ! and U = D'L.

We now use the above to expand |S,,|-

Sl = [(An +27) 7

= (A, +D ' —UuCUT) |

= |A,+D ' -UcU" |

—|R,'-UCU"|™"  whereR;'=A, +D!

= |R.||Ip - R, UCU |

= [R.|[Ix —C'U'R]U|™

= |R.||Ix - CUTR,U| ™ (A.4)
which takes O(D) for |R,|, O(KD) for U, O(DK) for U'R,,, O(DK?) for U'R,,U and

L'D™'L, O(K3) for computing C™!, C, CU'R,,U and |Ix — CU'R,U]|.

A.4 Computing (S,);

Applying the Woodbury matrix identity, we get

S,=(A,+D ' -UcCU")!
~R,+R,U(C"' ~U'R,U) 'UR,. (A.5)

We only need the diagonal elements of S,,, and the second term can be written as product of
two matrices A, B € RP*X | which can be computed in O(DK?),

(ABT)ii =Y A;;Byj, (A.6)
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so the total time complexity is O(DK? + K3).

A.5 Computing |X|

This is a straightforward application of the Weinstein—Aronszajn identity (A.1) and reduces our

computation of the D x D determinant to a K x K determinant.

|Z| = D+LL'|
= |D(Ip+D'LLT)|
= D|[Ip + DT'LL"|
= |D||Ix + L'D™'L| = D||C|™! (A.7)

which takes O(D) for |D| and O(K?3) for |C|. Note that we have already computed C above.

A.6 Computing Tr (zrlsn)

We expand S,, using Woodbury’s identity (A.2)

Sn = (An + E_l)_l

= (A +D'—ucu’)™!

.+R,U(C'—-U'R,U)"'UR,

2 +R,UIx +L'D'L-L'D'R,D'L) 'U'R,

2+ R,U(Ix+L'(D'-D'R,DY)L) 'U'R,

.+ R, U(Ix +L7Q,L) 'U'R, (A.8)

where Q,, = D™! —D'R,,D~!. We can now pre-multiply the above expression of S,, with 7!
»'S, =2 'R, + 'R, U(Ix + L'Q,L) 'U'R,
We define P,, = (IK + LTQnL)f1 and expand X! using (A.3)

»!'s, =D 'R, +D 'R, UP,U'R,, - UCU'R,, - UCU'R,,UP,,U'R,,
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Taking the trace on both sides, we get

Tr (27'S,) = Tr (D'R,) + Tr (D"'R,UP,U'R,)
—~Tr (UCU'R,) — Tr (UCU'R,UP,U'R,) (A.9)

Now, the trick is to use the cyclicity of the trace to manipulate the order of matrix multiplications

r (%'S,) =Tr(D'R,) + Tt (P,U'R,D 'R, U)
~Tr (CU'R,U) - Tr (CU'R,,UP,U 'R, U).

Now, we can compute Tr (D7'R,,) in O(D), U'R,D7'R, U in O(DK?) and

Tr (PnUTRnD_anU) in O(K3) after computing P,,. For the third term, we have already
computed CUTR,, U in (A.4) and so taking the trace takes O(D). Finally, we can right multiply
CU'R,U first with P,,, then with U'R,,U in O(K?3).

A.7 Computing (. —m,)" 7 (n—m,)

To compute this quadratic form, we first note the expression of m,,-
m, =S, (Anun +3! (u + an))

We start off by computing u + Bx, in O(NDQ). Since matrix vector products are much
cheaper to compute than matrix matrix products, the trick to evaluating this efficiently is to

never compute X' by itself but the product X! p.
> lpy=D'p—-UCU (A.10)

where we use (A.3) to expand £7'. The matrix vector product D~y and A, u,, takes O(D).
For the second term, we start by evaluating U" g in O(K D) which gives us a K-vector, then
C(U'p) in O(K?) and finally U(CU " i) in O(K D). We can then compute v,, = App, +3
in O(D).

Similarly, to compute m,, we directly find the product S,v,, by again expanding S,, with (A.8)

m, = S,v, = R,v, + R, UP, U R,v,

We again use the same approach as above, and start by evaluating R,v,, in O(D), UTR, v, in
O(KD),P,U'R,v, in O(K?), UP,U'R,v, in O(K D) and finally we can compute R,,UP,,U'R,,v,,
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and hence m,, in O(D). Now that we have m,, we can compute X~ 'm, the same way as
(A.10) by simply replacing p with m,, which will again take O(KD). We can then com-
pute X1 (u — m,) as well as (u — my,)" in O(D) leading us to the desired quadratic form
(p—my)" =7 (u —m,,) again in O(D).

A.8 Overall Time Complexity

The overall time complexity of computing the ELBO becomes the sum of computing each of

these terms individually-

1. Computing [S,|: ~ O(ND)+ O(NKD) + O(NKD?) + O(NK?)
2. Computing (S,)i; : ~ O(NK3) + O(NDK?)

3. Computing || : ~ O(D) + O(K?)

4. Computing Tr (X7'S,,) : # O(ND) + O(NK?3) + O(NDK?)

5. Computing (1t — m,)T 271 (uw —my) : ® O(NDQ) + O(ND) + O(NKD) + O(NK?2)

which results in a time complexity of O(NDK? + NDQ).
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Laplace Approximations for

Response Variable Distributions

Here we summarize the Laplace approximations of the likelihoods of z, for various response

variable distributions. The approximation for the Poisson is already discussed.

B.1 Bernoulli.

For the Bernoulli distribution with E[y] = o(z) (inverse link function u = g~ '(z) = o(2)), we

can model any 7 and o2 for the two cases, y = 0 and y = 1, by simply setting

ni(y, @) = i+ diny (B.1)
In\i(y, @) = di2 + ¢i3y. (B.2)
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B.2 Binomial.

For the binomial distribution with M; draws with probability p; = o(z;), we have with E[y;] =
M;o(z) (inverse link function p; = ¢~ !(z;) = Mo(z;)) and

f(zi) = InBinom(y;|p; =e*, M;)
M;
=In ”i +yilnp; + (M; — y;) In(1 — p;)

=yilno(z)+ (M; —y;)Ino(—z;) + const
= y;z; + M;Ino(—z;) + const. (B.3)

The derivative is f'(z;) = y; — M;o(2;). With a Binomial prior with a; and b; pseudocounts, the

mode of the posterior is at o(z}) = 241t% and the second derivative

o N Yitai  Mi—yi+b;
at the mode is —M; 37— i o

* Yyitai
orz = In M;—yi+a;+b;’

B.3 Gamma.

For the Gamma distribution with E[y] = e* (inverse link function u; = g71(2;) = %) and fixed

shape parameter v; = «; and 5; = a; u;,

f(z;) = In Gamma(y;|u=e€*, «;)
=a;InB; — Biyi + (i — 1) Iny; — InT(ay))

= ;z; — ay;€”* + const (B.4)

has derivative f'(z;) = oy — oyy;e* and a mode at z} = Iny; and second derivative at the mode

of —a;y;e* = —q;. The Laplace approximation is f(z) ~ In N (z|Iny, 1/a;) + const.

B.4 Natural exponential family.

To generalize, for a univariate exponential family distribution p(y|z) = h(y)e?*~4(*) with natural

parameter z and normalization constant e~“(*) the expectation value can be obtained from

0= [otuirar= [ ol P2y =g,y [HEAED] - e,
(B.5)
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and so the inverse link function is g~'(2) = Epy»)[y] = 4’(2). The mode of f(z) = Inp(y|z) =
yz—A(z)+1In h(y) occurs when f'(z) = y—A'(z) = 0, so at z = g(y), and the second derivative at
the mode is —A”(z) = —dg%(z). The Laplace approximation is f(z) ~ In N (z]|g(y), A" (g(vy))) +

const.

B.5 Gumbel.

For the Gumbel (extreme-value) distribution with E[y] = z (identity link function, p; = z;) and

fixed scale parameter [;,

f(zi) = In Gumbel(y;| =z, 5;)

W <1 exp <_y—z _ e—ﬁ»
Bi Bi

PV _Yi—z
= —yzﬁ % _ ¢ R+ const (B.6)
i

_Yi—z

has derivative f/(z;) = —% <1 —e A ), amode at 2} = y;, and second derivative at the mode

of—é.

The Laplace approximation is f(z;) ~ In N (z]|yi, 8; %) + const.
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Expected Conditional Log
Probability for Response Variables

We have already discussed this for the Poisson response and here we summarize the Expected

conditional log probability

D N
= Z Z ]EUN/\/(O,I) lnp(ymm‘;’ :g_l(mni + Aniiu)’ 07 'l:b)

i=1 n=1

as discussed in Chapter 4 for various other response variable distributions.

C.1 Bernoulli.

For the case of Bernoulli distribution, the g=!(z) = o(2) and

WE

D
p(0.¢,9) =>

7

Eyn(o,1) [yma(mm + Aniiv) + (1 = yni) (1 = o (mpi + Apigu)) |,

Il
_

1n

D N
- Z Z Eunion) [(2%@ — 1o (mpi + Apgiu) | + const,
i=1 n=1
D N
- Z Z [ 2Yni — mnl + Anuu) -+ const,
i=1 n=1
D N A\
- Z Z [ (2yni — Tt ) + const, (C.1)
i=1 n=1 1+ )\ Enm
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where we used

Beortuonlo(E)) = [ oW im0tz = [ 0N G oz =0 2

using the probit approximation for the sigmoid o(a) ~ ®(\a) with \2 = 7/8.

C.2 Binomial.

For the binomial distribution with M,,; draws with probability p,; = o(zn;), we have the inverse

link function my; = g7 (2ni) = Mpio(2n;).

N
20 E
b s
Z Z [ymmm — Mg D Ino(—(mpi + Am-ius))] (C.2)

s=1

D
u~N(0,1) [ym(mm + Anigu) + My Ino(—(mn; + Anuu))]

.

where we use Monte-Carlo to calculate the expectation of the last term by sampling u* ~ N (0, 1).

C.3 Gamma.

For the Gamma distribution with E[y] = €?, hence the inverse link function is y; = g7 1(2;) = €%

and fixed shape parameter ¢; = o; and B; = oy i,

D N
=Y Euwnio [am(mm + Apiitt) — aiggie™ A 4 const
i=1 n=1
D N
= ZZ [ammm Qi Yni eMnitEnii/2 | 4 congt (C.3)
i=1 n=1

C.4 Natural Exponential Family.

For a univariate exponential family distribution p(y|z) = h(y)e¥*~P(*) with natural parameter

z and normalization constant e~(%)| the inverse link function can be found using (B.5), hence
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g_l(z) = Ep(y|z) [y] = D/(Z).
D N
p(0,0,%) => > Euno,1) |YniD (i + Anigs) — D(D'(mn; + Anig)) | + const.
i=1 n=1

(C.4)

C.5 Gumbel.

For the Gumbel (extreme-value) distribution with E[y] = z (identity link function, p; = z;) and

fixed scale parameter [;,

+ const. (C.5)

Sl ni — (Mni + Anii i — (Mini + Anii
0.6,9) = 3 | - i) (]

i=1 n=1



Appendix D

Entropy and the Cross-Entropy of

the Multivariate Gaussian

D.1 Entropy of the Multivariate Gaussian

Suppose that we have a random variable X following a multivariate Gaussian N (u, X)), where

p e RP and ¥ € RPXP. We can compute the entropy as follows:

= — n ! - €X —}:c— Tyt - .
H(X) = [1 ( o |3l m]) , (D.1)
__E [—12) In(27) — %m o %(m )T u)] , (D.2)
= gln(%r) + %ln 12| + %]E [(x — ) 'E (- w)l - (D.3)

The last term can be evaluated as

E[(z—p)'Sz—p)] =E[Tr((@-p) 'S (@-p)], (D.4)
=E|[Tr (2_1(:1: —p)(x— u)T)] (D.5)
=Tr (27'E [(@ — p) (@ — p)"]) (D.6)
=Tr (Z7'%), (D.7)
=Tr(1,), (D.8)
=D. (D.9)

o1



Appendix D. Entropy and the Cross-Entropy of the Multivariate Gaussian 52

such that the differential entropy of a multivariate Gaussian is

D

D 1

D.2 Cross Entropy between Multivariate (Gaussians

Suppose that we want to compute the cross entropy of N/ (;Lp, 3,) with respect to the Gaussian
/\/(uq, 3,), where Ky, g € RP and DI IPNS RP*P To compute this, we will make use of the

relations between the cross-entropy and the KL divergence

H(q,p) = D r(q|lp) + H(q) (D.11)

where Dgr(¢||p) is the KL-divergence between ¢ and p. Hence, we can compute the entropy of

two Gaussians as:

H (N (s Z0)s N (1 Bp) ) = Dic (N1 Z) N (1t ) ) + H(N (1 5y)). - (DA12)

We computed the entropy of a multivariate Gaussian above. For the KL-divergence between

two multivariate Gaussians we use the following:

3|

n |Eq| (m - p’q)ngl(m - l’l’q) (D13)

Dict (Mg ) N 1y, 3,)) = B, 51
Haom) ' e ) (D

Now each of the expectations in the second and the third term can be evaluated using trace

trick in the proof in (D.9). This gives us the expression of KL-divergence as

D> . .
Dicr(dllp) = 5 [In ‘yzpl — D+ (ny— 1) B, (g — ) + T {E, 12q}} . (D.15)
q

Hence final expression of cross entropy is

by
In sl + (kg — ”p)T2;1 (kg — 1)

1
H<N(Hq7 2(1)7/\/’(/‘1‘])7 21))) = 5 |Eq|

+Tr{2p12q}+1n|2qy+D(1n(27r)—1)]. (D.16)



Appendix E

Derivation of ELBO for

one-dimensional case

For the one dimensional case where D = 1, with the true model parameters as 8 = (u,a), we

can write the model as

Zn ™ N(,uv 02)

Yn|zn ~ Pois(ez”).
We calculate the posterior of the latent variables using the Bayes rule

p(zn|yn7 H, U) o8 p(ynlzn) p(zn\,u, U)

—e®n

e eyn Zn

= gl X N (2n|p, 0%).
!

We approximate the first likelihood term using a normal likelihood where the mean 7(yy, ¢o, ¢1)

and precision \(yp, P2, ¢3) are governed with some appropriate variational parameters ¢ =

(¢0, 01, P2, P3)

Qn(zn|yn7,u, U?U(yna (b)? A(yna ¢)) = N(Zn|77(l/m ¢)7 )‘_l(ynv ¢)) X N(Zn“L, 02)7
B AN, P)N(Yn, @) + o? )
_N<Zn 1+)\(yn7¢)0_2 ) 1+U2A(yn,¢)) P (El)

where we use the formula

2 2
N(,Ull,o_%) XN(M2’0—%) :N<0'1,U12 +O'2/,L1 1 )

2 2 1 1

53
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We denote

QA n ny
o) = TS,

and
2

2 R —
g, (Yns 1,0, @) 1+ a2 Ayn, @) '

The evidence lower bound can be written as:

N
pn(yn; ZH|M7 U)
ELBO(u, 0, ¢) = Eq, (20 lun [ln (E.2)
2 Bastelummnd) |1 TS
To simplify this, we simplify the expression of the conditional density in the numerator:
In pp(Yn, 20|, o) = InPois(y,|e™) + In N (z,|p, o),
1
= Yn2n — € —Ino — — (2, — ) + const. (E.3)

202
Finally we explicitly write the denominator of E.2 using the fact that it is a Gaussian density:

1
F(zn — Htg,)? + const (E.4)

qn

]‘nqn(zn“’LQTHa%z) = _anQn -

We now use the reparametrization trick to sample from the variational distribution by drawing
samples € ~ N(0,1) and using

Zn(€) = g, + 0g, €.

We note the following facts:
E(Zn) = IU’Qn7

E(Zi) = Mgn + Ogn’
E((n — %) = i, + 02, — 2apig, + %

E(e™) = eHan 05, /2,
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where a is a constant. Hence, we can write our ELBO as

ELBO(u, 0, ¢)

N
1 1
- ZlEENN(O,l) [yn 2y — e —Ino — ﬁ('zn - M)z +Inog, + ﬁ('zn - qu)zl )

3

2
‘o5, /2 _

I
WE

ynu‘bL - eiu'Qn

1 |
o — o (g, +0g, = 2itg, + 1) + oy, + 5|,

3
Il
—

I
WE

2 1
!ynﬂqn — eMant95, /2 _no — ﬁ(ugn + O'Sn — 2ppg, + N2) +1Inog, |, (E.5)

3
Il
—

where we omit the constant since it does not depend on (1, o, ¢). This is expression of the ELBO

objective that we maximize for the one dimensional case.
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